Univerza University

v Ljubljani of Ljubljana
Fakulteta Faculty of
za gradbe_r1i§tv0 Civil and Geodetic
in geodezijo Engineering

Jamova cesta 2 Jamova cesta 2
1000 Ljubljana, Slovenija SI— 1000 Ljubljana, Slovenia
http://www3.fgg.uni-lj.si/ http://www3.fgg.uni-1j.si/en/
DRUGG - Digitalni repozitorij UL FGG DRUGG — The Digital Repository
http://drugg.fgg.uni-lj.si/ http://drugg.fgg.uni-lj.si/
Ta ¢lanek je avtorjeva zadnja recenzirana This version of the article is author's
razliica, kot je bila sprejeta po opravljeni manuscript as accepted for publishing after
recenziji. the review process.
Prosimo, da se pri navajanju sklicujte na When citing, please refer to the publisher's
bibliografske podatke, kot je navedeno: bibliographic information as follows:

Hozjan, T., Planinc, 1., Saje, M., Srpc¢i¢, S. 2011. Buckling of an axially restrained steel
column under fire loading. International Journal of Structural Stability and Dynamics, 11,3:
451-472. DOI: 10.1142/S50219455411004245.




June 29, 2009 19:43

BUCKLING OF AN AXTALLY RESTRAINED
STEEL COLUMN UNDER FIRE LOADING

TOMAZ HOZJAN'2 IGOR PLANINC?, MIRAN SAJE? AND STANISLAV SRPCIC?

Y Trimo d.d, Prijateljeva cesta 12,
8210 Trebnje, Slovenia

2 University of Ljubljana, Faculty of Civil and Geodetic Engineering, Jamova 2,
SI-1115 Ljubljana, Slovenia
ssrpcic@fgg.uni-lj.si

Analytical procedure, based on the linearized stability analysis, is presented for the deter-
mination of the buckling load and the buckling temperature of a straight, geometrically
perfect, axially loaded steel column subjected to an increasing temperature simulating
fire conditions. The non-linear kinematical equations and the non-linearity of material
are considered. The stress-strain relation for steel at the elevated temperature and the
rules for reduction of material parameters due to increased temperature are taken from
European standard EC 3. Theoretical findings are applied in the parametric analysis of
a series of Euler’s columns subjected to two parametric fires. It is found how the slender-
ness of the column, the material non-linearity, the temperature dependence of material
parameters and the stiffness of restraints at supports effect the critical temperature.
While these parameters have major influence on the critical temperature, they have no
effect on the shape of the buckling mode.

Keywords: steel column; inelastic buckling; Reissner beam; high temperatures; critical
temperature.
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1. Introduction

Steel columns are very efficient structural elements both in terms of construction

time and load bearing capacity. Steel is vulnerable to fire, however, and steel struc-
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tures, potentially exposed to fire, require a particularly careful design. This espe-
cially holds true for steel columns as they are loaded in compression and are thus
prone to buckling. With an increase of temperature, strength of steel and the stiff-
ness of columns decrease leading to buckling at an even much lower level of external
loading than at the room temperature. The practical design of columns exposed to
fire is regulated by several building codes such as, e.g. Eurocode 3,! BS5950% and
ISO 834.2 These standards offer simplified methods of analysis for isolated columns,
which sometimes do not give sufficiently reliable quantitative predictions of the fire
bearing capacity of a column, if it is a part of a frame.

A greater accuracy and a deeper insight into the thermal and mechanical be-
haviour of a column during fire can be obtained by the use of sophisticated math-
ematical models and modern numerical tools of solution. These formulations make
it possible to consider and analyse various material models, fire load scenarios,
boundary conditions, restraints and geometric imperfections. Such numerical mod-
els have also been applied to steel columns subjected to elevated temperatures,
e.g. see Ref. 4-18. The research is often focused onto the effect of boundary re-
straints in a column caused by the presence of other members that frame into it,
because their influence is of an utmost significance, and is often hard to predict
computationally.®911:15:19:20 NMost of the formulations employ translational and

rotational springs in modelling the restraints. Note that the restraints can either

2 5,8,22

improve?! or decrease the sustainability of the column to fire.
Analytical solutions are much more difficult to obtain and are only limited to
the determination of fire resistance. The majority of analytical solutions revolves

around the Merchant—Rankine equation and the second-order theory of beams.

Skowronski?® derived an analytical formula for the fire resistance of a simple steel
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column. Toh et al.?* derived the formula of the critical temperature for axially and

1.2% improved their formulae by taking into

eccentrically loaded columns. Tang et a
account the effects of an initial crookedness, residual stresses, material models and
the load eccentricity. Huang and Tan® significantly improved the results presented in
Tang et al.?® by additionally considering axial restraints. For columns with internal
slide release Eisenberger and Ambarsumian?® determined the exact buckling load
with use of exact stiffness matrix. With analytical tehnique, called the effective
stiffness method Yang and Park?” developed the buckling analysis of constrained
stepped columns.

The present article presents a systematic analytical procedure for the determina-
tion of the critical temperature of a straight, geometrically perfect, axially restraint
and axially loaded steel column exposed to fire. A series of standard simplifications
and assumptions need to be introduced, however, to enable the analytical solution
to be derived. In particular, we assume that a steel column can be realistically
modelled by a kinematically exact planar beam model of Reissner?® neglecting the
effect of shear strain?’. Next, we assume a non-linear, temperature dependent ma-
terial law, which accounts for both viscous and plastic strains. The mathematical
expressions for the stress-strain law of steel at high temperatures are taken from
Eurocode 3! along with the explicit expressions for temperature-dependent mate-
rial parameters. As the walls of the steel sections are thin, we further assume that
the temperature field in the column is uniform, but somewhat delayed with regard
to temperature of the surrounding gas.! After the thermo-mechanical equations are
set up, the fundamental equilibrium solution of the column is obtained and the set
of linearized equations at the fundamental equilibrium state is derived. The condi-

tion for the existence of the non-trivial solution of the linearized equations supplies
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us with the value of the buckling temperature. This approach differs from that of,
e.g. see Ref. 8, 10, 11, 17, who define the critical temperature of a compressed col-
umn as the temperature, for which the axial force, after an initial increase and a
subsequent decrease, again reaches its value at the room temperature®. The de-
tails of the formulation are presented in Secs. 2 and 3. Sec. 4 presents the results

of extensive parametric studies. The main findings are gathered in Conclusions.

2. Basic theory
2.1. Preliminaries

We consider a straight steel column of initial, undeformed length L and a constant
I-shaped cross-section. The column is centrically loaded with an axial force F' while
simultaneously being exposed to fire (Fig. 1). The plane of deformation of the
column is the plane (x,z) of the Cartesian coordinate system (z,y,z). The reference

axis of the column is assumed to coincide with its centroidal axis.

PPC FC FFC PFC
Hu OE Hu Hu Hu
F F F3 E F

cross-section

Fig. 1. Euler’s columns and a typical cross-section.
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Modeling the interaction between fire and a structure is a hard job to do. The
majority of models assume two independent analysis steps, the first one being the
determination of the temperature field in the column and the second one consisting
of the determination of the stress and strain field due to a combined effect of
mechanical and temperature loads. In what follows, we only shortly describe the

first step, while the second step is presented in detail.

2.2. The temperature field

The variation of temperature of gas in the fire compartment depends on many
parameters, like the type and amount of fire load, area of the fire compartment,

31,32 To avoid such

thermal properties of walls, area and the position of openings.
a complexity, one usually introduces the so called parametric temperature-time
curves, which uniquely define explicit temperature-time relationships for typical
situations.®® These relationships have been constructed from the results of exten-
sive experimentations. After the time-variation of the gas temperature in the com-
partment has been obtained, we determine the temperature within the structure.
This requires the integration of the differential equation of heat conduction.?* We
assume that temperature over the whole surface of the steel structure is uniform.
Moreover, as typical steel sections are thin-walled, it is reasonable to assume a uni-

form temperature over the cross-sections. Then the temperature change becomes

dependent only on time, yielding the solution as given in Eurocode 3':

ATI@,t = ksthnet,dAt- (21)

alla
Here AT, presents the temperature increment in time interval At, kg is the cor-

rection factor for the shadow effect, m = A, /V is the section factor for unprotected
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steel members, A, is the surface area of the member per unit length [m?], V' is the
volume of the member per unit length [m?], ¢, is the specific heat of steel [J/kgK],
Pinet.a is the design value of the net heat flux per unit area [W/m?], and p, is the
unit mass of steel [kg/m3]. According to Eurocode 3! the value of At should be less
or equal to 5 seconds.

Fig. 2 shows the development of temperature with time in an unprotected steel
cross-section for two different parametric fire curves and for four different standard
I-shaped cross-sections commercially labelled as HEA 300, HEB 400, HEA 500 and
IPE 300 with thermal parameters according to Eurocode 3. The characteristic
parameters of the cross-sections are presented in Table 1. The two fire curves being
considered are the ISO 8343 fire curve, and the natural fire curve'®. The time
increment equal to At = 2 s was used in evaluating Eq. (2.1). The graphs in Fig.
2 clearly show that smaller the section factor, larger is the delay of temperature.
This becomes unimportant for temperatures higher than about 900°C (i.e., after
about 50 minutes for the ISO 834 fire). In contrast, the delay is significant at any

stage of the development of the natural fire.

(a) ISO 834 (b) natural fire
1200 50 534 1200, " HEA 300
1000¢ 000 HEA 500
15) 5) natural fire —HEB 400
= 800¢ = 300f -=--1PE 300
(o] (o]
3 600 3 600
s ---HEA 300 s
‘é 400 & . HEA 500 ;Q’_ 400¢
5 5 —HEB 400 ) |
= 2000, ~-1PE300 | - 200 :
0 40 80 120 160 0 40 80 120 160
time ¢ [min] time ¢ [min]

Fig. 2. Temperature vs. time curves for different steel sections. (a) ISO 834 (ISO 834, 1975) and
(b) natural fire (Srpéic, 1991).
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Table 1. Geometrical data for cross-sections.

m[m~  Jlem*  A[em?] hlem] blem] t¢lem]  ty [om]
HEA 300 153 18260 113 29 30 1.40 0.85
HEA 500 107 86970 198 79 30 2.30 1.20
HEB 400 97 57680 198 40 30 2.40 1.35
IPE 300 216 8360 53.8 30 15 1.07 0.71

2.3. The stress—strain field

Once the temperature distributions in the structure during fire have been obtained,
we may start the mechanical analysis. We find the solution in an incremental way.
We divide the time of the duration of fire into time intervals [t*=1,¢] (i = 1,2,3,...).
We assume that the stress and strain state at time ¢! is given and wish to ob-
tain the state at time t?, 4 = 1,2,3,.... The column is modelled by Reissner’s
geometrically exact beam theory,2® but with the effect of shear deformations be-
ing neglected. Taking into account that the distributed forces are absent and shear

strains neglected, Reissner’s theory yields the following governing equations:

fi=1+u” —(1+e")cosp’ =0, (2.2)
fo=w" + (1 +¢&)sing’ =0, (2.3)
fs=¢" =K =0, (2.4)
fi=H"=0, (2.5)

fs=V"=0, (2.6)
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fo=M"—(1+HQ" =0,

fr=N"=MH' cosp" — V'sin g,

fs = Q' =H'sinp' + V' cos ¢,

ngNiZ/ oldA,
A

fio =M’ =/ z o'dA.
A

Here (o)’ denotes the derivative with respect to z. In Egs. (2.2)—(2.11) &°

(2.10)

(2.11)

and &

are the extensional strain of the centroidal axis and its pseudocurvature, u* and w*

are the components of the displacement vector of the centroidal axis of the column

in z and z directions, and ¢* is the cross-sectional rotation around y. N* and Q°

are the axial and the shear force and M? is the bending moment. * and V* are the

components of the resulting cross-sectional force with respect to the spatial axes x

and z, respectively. Eqgs. (2.10) and (2.11) represent the constitutive equations of

the cross-section, relating the axial force and the bending moment to the normal

stress o!. Natural and boundary conditions corresponding to Eqs. (2.2)—(2.11) are

(Fig. 1):

bottom, x = 0:

(2.12)

(2.13)

(2.14)
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top, x = L:

s (H'(L) + F) + pgu’(L) =0, (2.15)
s2VH(L) 4 s2w'(L) = 0, (2.16)
s2MU(L) + s3¢'(L) = 0. (2.17)

Various combinations of boundary conditions of Euler’s columns can be modeled
by choosing appropriate parameters si, s3, 5%, 53, s2 53, sy, uy € {0,1}. Egs. (2.2)—
(2.11) and (2.12)—(2.17) consist of 16 non-linear algebraic and differential equations
for 16 unknown functions and parameters.

Based on the given stress and strain state at time ¢*~! and temperature at t?, we

can determine the strain D’ at time ¢’ of any point of the column by the equation

D' = D' + AD', (2.18)

where AD? (i = 1,2,3,...) is the increment of the total strain (also termed the
geometrical deformation) in time interval i. The principle of additivity of strains is
adopted that the total strain increment AD? is the sum of the strain increments

due to temperature, AD}, , stress, AD?, and viscosity (creep) AD, :

ADYT?, ¢",t", DL)) = ADL (TY) + ADL(TY) + ADL (¢!, T%, DL, t%).  (2.19)

cr?

In Eq. (2.19), the quantities in the parentheses indicate the dependence of the
increment on the particular quantity. The functional relation of the temperature
strain increment, AD!, (T%), is provided by Eurocode 3'. There the total rather

than the incremental temperature strain, Dy, is given with a formal expression
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Dy, = f(T);! thus, AD: (T%) = f(T?") — f(T*"!). The stress-dependent strain

i
o

increment, AD?, also termed the mechanical strain increment, is assumed to be

equal to the sum of elastic and plastic strains, AD (T") = AD(T")+AD}(T"). The

i

viscous strain increment, AD? |

is, in general, a function of the current temperature,
stress, time and the total viscous strain D? .!3 In experiments, however, it is very
difficult to determine separately, in unique and accurate way, plastic and viscous
parts of the strain at high temperature. This is one of the reasons why it is often
assumed that both the plastic and viscous strains can be treated as a combined

1,35

plastic strain.!:3 In such a case, AD? is given by

ADY(T?) = ADi (T + AD:(TY), (2.20)

where AD! now combines the contributions of both plastic and viscous strains.
Such a simplified material model for steel at high temperature is also adopted by

Eurocode 3! and is given as

ES,TDQ |DZ,’ < Dp,T

oi(DL) = Jor —c+ (b/a)\/[a2 — (Dy,r — D}‘,)ﬂ Dy < |Di| < Dyr
fy,r ‘ Dy < |Dﬁ,| < Dy
fyr (L= (D = Dy) /(Do — Dy)] Dy < |Di| < D,

(2.21)
This model will also be used in our formulation. In Eq. (2.21) D, s denotes the
strain at the proportional limit, Dy 7 is the yield strain, and Es 7 is elastic modulus.
Parameters Dy 1, Dy 1, fp,r, fy,r and Es 1 are dependent on a, b and ¢, which are
fully described in Eurocode 3!. The remaining material parameters in Eq. (2.21) are
Dy = 0.15 and D, = 0.20 and are temperature independent. The symbolic graph
of the stress—strain curve for steel at high temperature is depicted in Fig. 3a. The

temperature-dependence of material parameters is considered via the reduction
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factors kp 7, ky,r and kg r; i.e., the change of the proportional limit is given by
fo,r = kp,1fy,20; yield strength is given by fy, 7 = ky 1 fy 20; and elastic modulus
by fer = kg1Es20. Here fy 20 and Es 29 denote the values of f, and Es at room
temperature (20°C). The variation of the reduction parameters with temperature

is displayed in Fig. 3b.!

(a) constitutive model (b) reduction factors
1
[ 0.8 kur

o s

2 =~ 0.6}

Er s 001 or ke.r

A Jp.r| =~

£04
=~

0.2

: : : 0 ‘ ‘ ‘ ‘ :
D, D,, D, D, 0 200 400 600 800 1000 1200
strain Dg temperature 7' [°C]

Fig. 3. (a) Stress—strain relationship for steel in tension and compression according to Eurocode
31; (b) temperature-dependent reduction factors.

The development of the stress—strain state in a steel column during fire is fully
determined by the system of 10 non-linear algebraic and differential Eqgs. (2.2)-
(2.11) for 10 unknown functions of x: u®, w?, ¢*, N, Q' Mt &' k', H! V'. The
general analytical solution is not available and the solution must therefore be ob-
tained numerically, e.g. by the finite element method. In contrast, the buckling

loads can be obtained analytically. The derivation is given in the next section.
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3. Linearized buckling analysis
3.1. Fundamental equilibrium path

We seek the loss of stability of a column subjected to both an axial compression load
and an increasing temperature. Prior to buckling, such a column remains straight
and vertical. Hence the fundamental equilibrium solution is characterized by the

condition ¢ = 0. Inserting ¢* = 0 in Egs. (2.2)—(2.9) gives:

u' + ¢ =0, (3.1)

w” =0, (3.2)

k' =0, (3.3)

HY =0, (3.4)

Vi =0, (3.5)

M" —(1+eHQ" =0, (3.6)
Nt =H", (3.7)

Q' =V (3.8)

As k' =0 and D}, is constant with respect to z,y, z, Egs. (2.10) and (2.11), when

combined with Eq. (2.20), can be written in the form

Nt =c'(e' k' =0, D}, TY A, (3.9)
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M =0. (3.10)

The integration of Egs. (3.4) and (3.5) gives H'(x) = H*(0) = const. and Vi(x) =
Vi(0) = const. Considering the result in Egs. (3.7)-(3.9) gives N%(z) = const.,
Q'(z) = const. and & = const. From Egs. (3.6), (3.8) and (3.10) it follows that

Q!(z) = V¥(x) = 0. Thus, the fundamental equilibrium of the column is described

with the following system of non-linear equations:

u' = e'x, (3.11)

w' =0, (3.12)

¢ =0, (3.13)

H' = H'(0) = const., (3.14)
Vi=0, (3.15)

M =0, (3.16)

N®="H" = const., (3.17)

Q' =V =0, (3.18)
Ni=o'(e' k' =0,D),, THA, (3.19)

K'=0 (3.20)
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and the boundary condition (3.39)

(suH'(L) + F) + pyu’(L) = 0. (3.21)

The remaining boundary conditions, Eqgs. (2.12)—(2.14), (2.16)—(2.17), are satisfied
identically. Table 2 displays two different fundamental solutions corresponding to
Eq. (3.21) with sy = 0, F =0, and sy = 1, respectively. The solution of the above

given non-linear algebraic equations must be obtained iteratively.

Table 2. Geometrical data for cross-sections.

boundary condition et(z) ul(z) Ni(z) = Hi(z)
(1) u' (L) =0 0 0 oi(e? = 0,k" = 0,D}, , T*) A = const.
(2) H(L)=-F—pyu'(L) const. #0 &'z —F — pye'L

Note: *pp # oo

3.2. Buckling load

The linear theory of stability enables to find the critical point on the fundamental
equilibrium path by the linearization of the governing equations.?® It is convenient
to write Eqs. (2.2)-(2.11) in a vector form: f = [f1, fa, ..., fi0]? = 0. The arguments
of functions f; are also written in the vector form: x = [u¥, &%, o', w”, ¥, k', HY,
VoMY QF NY. The linearization of the functional f is the directional derivative

of f(x) in the direction of dx

f=— f . 22
) ., (x + adx) (3.22)

In the context of the stability theory, dx means the perturbation in x.
The linearization of equilibrium Egs. (2.2)—(2.11) when written at the funda-

mental equilibrium solution gives
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§f1 = ou” — 6 =0, (3.23)

5fy = ow” + (149" =0, (3.24)
8fs = 60" — 6k =0, (3.25)
5fs=0H" =0, (3.26)

5fs =oVY =0, (3.27)

§fs = oMY — (1 +£")5Q" =0, (3.28)
Sfr = ON* = 6H", (3.29)

Sfs = 0Q" = V' + N6y, (3.30)

Sfg = ON' = Ciy(e', k" = 0, D}y, T)de" + Co(e’, k" = 0, Dy, TH)OK",  (3.31)

Sfi0 = oM = Ch (€', k' = 0, Dy, THoe* + Cly(e', k' = 0, D}, THK'.  (3.32)

In Egs. (3.31) and (3.32), C}, Ciy = C},, Ci, are the components of the tangent
constitutive matrix of the cross-section. Due to the symmetry of the cross-section
with respect to the plane (z,z) and a uniform temperature field in the column,

these components assume rather simple forms:

Jdo?
et

Ci (e k" =0,D},, TY) = A= E}A = const., (3.33)
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Cly(e', k' = 0,D},, T") = Oy (¢, 5" = 0, D%, TY) = 0, (3.34)
S R ,
Cse(e', k' =0,Dg,,, TY) = @J = E;{J = const.. (3.35)

The linearized equilibrium Egs. (3.23)—(3.32) must be complemented with the lin-
earized boundary conditions (2.12)—(2.17). After the linearization has been per-
formed we have:

bottom, x=0:

su'(0) = 0, (3.36)
sw'(0) =0, (3.37)
s1OM¥(0) — 5300 (0) = 0, (3.38)
top, x=L:
spgdH (L) + pyou'(L) =0, (3.39)
s26VH(L) + s20w' (L) = 0, (3.40)
s26MI(L) + s25¢° (L) = 0. (3.41)

Egs. (3.23)—(3.32) constitute the system of 10 algebraic-differential equations which
have to be solved with respect to their boundary conditions (3.36)—(3.41) for the
perturbations éx from the equilibrium state. After a systematic elimination of the
unknowns is made, we end up with the system of two differential equations for du?

and Jw:

su™ =0, (3.42)

Sw”" + K sw'" = 0, (3.43)

in which the buckling load parameter k* has been introduced as
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2 (14N
iz = LFEINT 3.44
EJ (3.44)

The general solutions of Eqgs. (3.42) and (3.43) are

Sut(z) = Kix + K5, (3.45)

Sw'(z) = Ci cosk'x + Ci sin k' + Cia + CL. (3.46)

The unknown integration constants, K%, K4, Ci, C3, Ci and Ci, in Eqgs. (3.45) and
(3.46) are obtained from the requirement that the solutions (3.45) and (3.46) satisfy
the linearized static and kinematic boundary conditions (3.36)—(3.41). By their
imposition to the solutions (3.45) and (3.46), we get a system of six homogeneous

algebraic linear equations for six unknown integration constants K4, K%, Ci, C3, C4,

C}, which can be written in a matrix form as

Liy' =0, (3.47)

where LiT and y® denote the tangent matrix of the current equilibrium state on
the fundamental path, and the vector of unknown constants, respectively. The non-

trivial solution of Eq. (3.47) is only possible if

detL’ = 0. (3.48)

Because Eqs. (3.45)(3.46) are separated, matrix L can be written as a product of
two matrices, i.e. L = H% K. Thus, condition (3.48) appears to be equivalent

to

detLi = det HY detKh = 0. (3.49)



June 29, 2009 19:43

18 Hozjan et al.

Here matrix H IT depends solely on K, K4, and matrix K Zr is expressed solely with
Ci, Ci, Ci, Ci. It is easy to show that det H’. # 0 for any K& and KCj; thus condition

(3.49) implies
detK'’ = 0. (3.50)

The condition, enforced by Eq. (3.50), determines the critical point of the structure.
This is either limit or bifurcation point. The bifurcation point results in buckling
of the column and most probably its loss of stability; for slender columns, this is a
dominant form of instability if the column is exposed to the fire.

The explicit form of matrix K 3f can easily be deduced and is given by

1 0 0 1
Ok s} kish i 0
K= , , e Cikte o
s5 cos(k'L) s5sin(k'L) et Ls3 s3
K (Cégsgki cos(k'L)+s2 sin(ki’L)) Kt (753 cos(k*L)+Ch,s2k" sin(ki’L)) s2 0
1+e? 1+e? T 1+t

Its determinant reads
detK% = A’ + B cos(k'L) + ke C'sin(k' L), (3.51)
where
A =2(1+ ei)Qsé 5252,
B = —2(1+¢")2shs3s? + k' Clys?(s3s) + s1s3) — k" L(1+ ") Clypuy (355 + s} s3),
C' = Clys? (Chak” s} (= Choh'™ 3 + L1+ £)23) ) + Cho(1 + ') 2shsis? +
(Chost(1+e")283 + Cipk” stsy — L(1 +&')?s3s3) o3,

and kéi = (14-5571)‘]\/\/0\ Condition (3.50) along with Egs. (40) and (42) evaluated at

t

the fundamental solution (see Table 2),

det K =0, (3.52)
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Ne + Fop + pgeal =0, (3.53)

No — 0 A=0, (3.54)

constitute a system of three algebraic equations for three unknowns in the critical
point: critical axial force N, critical axial strain e, and critical temperature T,
of steel column at the instant of buckling. For an axially restrained and unloaded
column (uy = 00), buckling occurs only due to the increase of temperature; thus
€ = 0 and F,, = 0, and the buckling load follows from Egs. (3.52) and (3.54).
This time the only unknowns are N, and T,.

In the present article, we discuss only the four classical boundary conditions of
Euler (Fig. 1). As then the boundary conditions are relatively simple, Eq. (3.52) can
even further be simplified. For a simply supported column, labelled PPC (pin-pin),

this equation takes the form:

detKr = C3, k3. (1+ ec) Lsin(ke, L) = 0. (3.55)

Its solution is ke, L = nm (n = 1,2,...). For a given load F = F,, the smallest
value of the critical temperature, T¢,;, appears to be at n = 1. Once k., L = 7 has
been established, the critical force N, is found from Eq. (3.54). For a partially
restrained pin-pin column (py # o0), the critical temperature is determined from

Eq. (3.44), i.e. from (1 + eep)|Nex| = EtLJ;r2. Similarly, for an axially restrained

column (g = o0), we have Ny = Aloe| = E“LJ;TQ. The determination of the

critical values of the remaining Fuler’s columns is analogous and need not to be

explained further. The solutions are displayed in Table 3.
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Table 3. Euler’s columns. Critical force, No;-.

Type of the column det KT =0 (pup # 00) det KT =0 (pp = 00)
PPC (1+ cor) e = B2 Now = Aloer| = EeI2
FC (1+ o) Werl* = B350 New = Aloe| = 227
FFC (1+ cer) e |* = B2 Nex = Aloer| = 222
PFC (1+ o) Werl® = ool Ner = Aloer] = rogistt—n

Note: * Nor = —Fer — ppgecer L
3.3. Description of the solution method

As the viscous strains of the material model considered here are accounted for only
indirectly (as a part of plastic strains), the systems of non-linear Eqs. (3.52)—(3.54)
and (2.1) are uncoupled and can be solved separately. In the first step, we solve
algebraic Egs. (3.52)—(3.54) for the three critical values T¢;, N, and e.. In the
second solution step, we solve Eq. (2.1) for ¢.,. Similarly, if we choose Ngy, €cry Ler
as the basic unknowns, these are determined in the first solution step, while ¢, is
determined later on from Eq. (2.1).

The accuracy of the solutions of Egs. (3.52)—(3.54) is solely dependent on the
machine precision of a computer and the round-off errors. In contrast, the accuracy

of t., also depends on the time step, At.

4. Parametric studies

The parametric studies presented in this section will show the effects of fire regime,
boundary conditions, material and geometrical properties and the external load on
the buckling resistance of steel columns in fire. The material model of steel for the
high-temperature range employed here follows the building standard Eurocode 3!,

and steels labeled as S 235, S 275 and S 355 are used. The values of yield strengths
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and elastic moduli at room temperature are shown in Table 4. In all the parametric
studies, standard sections with commercial labels HEA 300, HEA 500, HEB 400

and IPE 300 are used.

Table 4. Material properties of steel at room
temperature (T = 20°C).

fy,20 [kN/cm?]  Eg 20 [kN/cm?]

S 235 23.5 21000
S 275 27.5 21000
S 355 35.5 21000

The stress-strain curves of steel at various temperatures are depicted in Fig. 4.
As observed from Fig. 4, temperature is a significant factor of strength and ductility
of steel (Fig. 4a). Of a particular importance to the bearing capacity of columns
is that the ductility is much larger at high temperatures. Fig. 4b shows changing
of the elastic modulus with strain at various temperatures. Note that strength and
elastic modulus of steel at 800°C take only about 10% of their values at the room
temperature. The decrease of the ultimate axial bearing capacity of the cross-section
with temperature is presented in a numerical form in Table 5.

Table 5. The variation of the ultimate axial bearing capacity of the cross—

section, |[INuil = Nuw,7/Nuit,20 = fy,7/fy,20, and the related ultimate
axial strain, D u1¢, with temperature.

T[°C] 20 200 300 400 500 600 700 800

Vel 1 1 1 1 078 047 023 0.1
|Doouie| [°/00] 11095 20 20 20 20 20 20 20

As already discussed, the accuracy of T, is only dependent on the machine pre-

cision, while the accuracy of .. also depends on the time step At. This is illustrated
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(@) (b)
1 l—
I 400°C _|200C 120°C
0.8 300°C 500°C 5’“"’0.8 300°C
& ' &y
30.6: _20.67
2 2
204 £0-400c
700°C 2 7
0.2 200°C 202
()
0 ‘ ‘ 0
0 5 10 15 20 25 30 0 051 152 253 35 4
strain Dy [*/o0] strain Dy [*/oo]

Fig. 4. (a) Stress—strain law of steel (in tension and in compression) (Eurocode 3, 2003). (b)
Elastic modulus vs. strain.

in Table 6 for a column made of profile HEA 300 and being subjected to the ISO
834 fire. The figures in the table indicate, however, that the differences in ¢, are
negligible, if At is less than about 20 seconds. As expected, T, is insensitive indeed

to the value of At.

Table 6. The effect of the time step, At, on the accuracy of tcr and Ter (HEA 300,
Acr = 40).

At [s] 1 5 10 20 60 120 300

ter min] 12,1779 12,1833  12.1906 12.2071 12.2887  12.4407 13.1105
Ter [°C] 471.2 471.2 471.2 471.2 471.2 471.2 471.2

In what follows, we systematically analyse various effects on buckling of steel

columns in fire.

4.1. The effect of fire regime and material model

Our first analysis is concerned with the effects of the fire regime and the material

model on buckling of an axially unrestrained steel column (PPC, uy; = 0). Two
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material models are employed: a perfectly elastic material and an elasto-plastic
material (see Fig. 4a). The same dependence on temperature is assumed for elastic
modulus E 7 for both perfectly elastic and elasto-plastic material model, employing
the expression Esr = kg 1FEs20. In the analyses, the following data were used:
section HEA 300, steel S 235 and load F' = Fi, = 0.5 Ny 20. The related ultimate
axial bearing capacity is Nyg20 = 1327.75kN. Fig. 5a shows the variation of the
critical time, t¢,, with the column slenderness, A = Appc = L\/m, for the ISO 834
and natural fires. The related variation of the critical temperature, T,, is presented
in Fig. 5b. If compared to the natural fire, the ISO 834 fire results in substantially
smaller critical times for both material models and any column slenderness. In
contrast, the critical temperature graphs coincide for the two fire regimes and are
thus independent on how fire develops (Fig. 5b). As expected, buckling of very
slender columns (A > 115) still occurs in the elastic range of material; the material
non-linearity is, however, essential for less slender columns. “Short” elastic columns
with the slenderness less than about 75 experience neither buckling nor the fracture
of material. Points A* and A in Figs. 5a and 5b mark the exact positions needed

to determine these particular slendernesses.

4.2. The effect of boundary condition

Fully analogous conclusions as stated above hold true for any Euler’s column. This
can be observed in Fig. 6b where the graph of the critical temperature as a function
of the column slenderness is depicted. Here, the column slenderness is defined as
A= Lu\/m where L, is the buckling length of the particular column under
consideration. As already discussed, the buckling length remains constant during
the temperature increase; thus, L, = 2 for the FC column, and L, = 0.5 for the

FFC column (Table 3). If instead we employ the same slenderness for all columns,
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(a) FchO-SNult, 205 ,uH:O (b) Fcr:0-5NulL207 :uH:O
160 - 1200~< -
140" —elastic, ISO 834 L - - -elastic
........ plastic, ISO 834 —1000 —plastic
?120' - - -elastic, natural fire = i “
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= el 2 i s~ A /180 834
& 80 2 600t
£ 60 4" hatural fire g I
= * £ 400}
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200r
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slenderness A slenderness A

Fig. 5. Euler’s columns. The effect of the fire regime and the material model on buckling of steel
columns in fire. (a) Buckling time, te; (b) buckling temperature, Ter.

say Appc as in Fig. 6a, the graphs do not coincide. As we see from this figure, the

cantilever column is more prone to buckling compared to the fix-fix column.

(a) Fo=0.5Nu, 20, =0 (b) Fe=0.5Nu, 20, =0
600/

T 500

4007

temperature 7, [°
(98]
S
(=)
temperature 7, [°C]

[\
S
(=)

100

- . : 100
0 50 100 150 200 250 300 0 20 40 60 80 100 120 140
slenderness Appc=L/i slenderness A

Fig. 6. Euler’s columns. The effect of boundary conditions on buckling of steel columns in fire.

4.3. The effect of the cross-section

The effect of properties of the cross-section on buckling is very much within our

expectations (Fig. 7). The effects were analysed for two fire regimes. We employed
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only steel S 235. The PPC column was subjected to Fo, = 0.5N it 20 = 1327.75kN.
The column with section IPE 300, which has the smallest moment of inertia, buckled
first. The column with section HEB 400 buckled the last despite the fact that it has
not the largest moment of inertia. This is due to its small section factor. As indicated
by Eq. (2.1), the transfer of temperature over the cross-section is proportional to the
section factor. Consequently, smaller the factor, bigger is the delay of temperature.
Hence buckling occurred much earlier in the columns having a large section factor.
For a relatively short column, buckling may even not take place in natural fire, if
the column is made from the HEA 500 or HEB 400 sections. This is indicated by

points A and B in Fig. 7b.

(a) ISO 834, F.=0.5N, 20, tx=0 (b) natural fire, F,=0.5 Ny 20, t:=0
55 55
50! —HEA 300 50t A% B
L e HEA 500 I~
— 40! ---HEB 400 —_ Al TTNU"
Eh - TPE 300 ERE I
g g
330 330;
() [ Q [
£ 905~ g .| —HEA300
5 20] 220 . HEA 500
---HEB 400
10/ _ 100 1PE 300
Al ‘ ‘ ‘ ‘ ‘ N 210 ‘ ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
slenderness A slenderness A

Fig. 7. Euler’s columns. The effect of the cross-section on buckling of steel column in fire for two
fire regimes. (a) ISO 834 (ISO 834, 1975), and (b) natural fire (Srp¢i¢, 1991).

4.4. The effect of yield strength and load ratio

Next we analyze the effects of yield strength, fy 7, and load ratio on buckling of
a steel column exposed to high temperatures (Fig. 8). The columns were assumed

to be subjected to three different axial loads, i.e. Fop = 0.3Fief, For = 0.5Fef
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and F., = 0.7F.f, where the reference load, Fief, was taken to be equal to the
ultimate bearing capacity of the HEA 300 section made of steel S 235 at the room
temperature (Fyer = Nult,zo = 2655.5kN). As expected, buckling occurs first for the
columns with the lowest yield strength. Particularly in the range A > 50, the effect
of yield strength on the buckling temperature is rather important. Its effect on the
separation point between elastic and plastic buckling is also substantial, which is
clearly observed in Fig. 8. This point occurs at A = 135 for F, = 0.3Fe¢, at A = 115
for Fop = 0.5F ¢ and at A 22 100 for F,, = 0.7F.¢ (Fig. 8).

Fref:Nult, 20, §235=2655.5 kN
800

7007--.,..... F,=0.3 F. ---S275

-.,.‘.' R A0 Fcr:0~5 me _S235

600E-%,

-
- -

500r

400+ T

temperature 7, [°C]

300
200t Fcr:(). 7 Fref

100

0 20 40 60 80 100 120 140 160 180

slenderness A

Fig. 8. Euler’s columns. The effect of yield strength, fy r, and the load ratio on buckling of
steel columns in fire.

4.5. The effect of material model

The effect of the adopted material model on the buckling resistance is shown in
Fig. 9, where the critical stress ratio, oe:/0y 20, vs. the column slenderness is de-
picted for the range of temperatures from 20°C to 800°C. The drop of the critical

stress ratio with temperature is significant. For instance, the buckling resistance of
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a column with slenderness A = 60 at T = 500°C is about 41% and at T = 800°C
only about 5% of the related resistance at the room temperature. The point, sepa-
rating elastic and plastic buckling regimes, also notably varies with the slenderness.
A somewhat unexpected is found the position of the point separating the loss of
stability by buckling and the material failure of the column. At the room tempera-
ture, the slenderness as high as 93 triggers buckling, while at temperatures higher
than 200°C, the slenderness of about 2 is already sufficient for buckling. Hence, in

practice buckling will appear to be the only mode of fracture of columns due to

fire.

600°C
800°C 700°C

0 20 40 60 80 100 120 140 160 180
slenderness A

Fig. 9. Euler’s columns. Relationship between the critical stress ratio, ocr /oy 20, and the slen-
derness, A, at different temperatures.

4.6. The effect of axial restraints

Our final discussion directs into the effect of the stiffness of axial restraints. The
HEA 300 section, made of steel S 235, is employed. Two load ratios were analysed:

Fr = 0.3Nui,20 and 0.5Ny¢,20, where My, 20 = 2655.5kN. For convenience, the
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stiffness of the axial restraint, pj, is normalized, and the normalized quantity
denoted by By = Ly /Es20A. Here L = 5m, Fg2 = 21000kN/cm? and A =
159 cm?. The analysis was preformed for 8 = 0,0.01,0.05,0.1,1 and 5. Fig. 10
depicts the variation of the critical temperature with the slenderness of the column.
As we see from the figure, the stiffness of the axial restraint can either improve or
reduce the buckling resistance of the column. That is, the buckling resistance is
dramatically reduced for sufficiently slender columns, A > 16, while it can be much
improved for the columns having A < 16. Such a controversial behaviour can be
explained with the help of Fig. 11, where we show the variation of the normalized
axial force, |NV|| = |N|/(0.3Nux,20), and the normalized tangent bending stiffness
of the cross-section, ||Caz|| = EyJ/Es 20, with temperature. The variations for two
column slendernesses (A = 10 and 60) and for two axial restraints (55 = 0.01 and
1) are shown. When temperature increases in the less slender column (A = 10), the
bending stiffness of the cross-section suddenly drops down, causing the instability
of the column. For the slender column, A = 60, the bending stiffness decreases much
more slowly; hence, the size of axial force N, and not the bending stiffness becomes
critical for buckling. A very different graphs of the axial force are observed for
columns with A = 10 and different 5’s (Fig. 11a). There, buckling for G = 0.01
takes place at a totally different relationship between the axial force and the bending
stiffness of the cross-section compared to B = 1.

A very similar behaviour of columns is observed, if the restraint is rigid (uy =
o0) and the column is pin-like supported at both ends. Some further results for the
critical temperature, the related normalized axial force and the normalized bending

stiffness of the cross-section are given in Table 7.
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Fig. 10. Euler’s columns. The effects of the stiffnes of the axial restraint on the critical temper-
ature Ter. (a) For = O-3Nult,20; (b) Fer = 0~5Nult,20-
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Fig. 11. Euler’s columns. The variation of the normalized axial force, |N|| = [N /(0.3 Ny 20),
and the normalized bending stiffness, ||Coz2|| = E¢/Es,20, with temperature T. (a) A = 10; (b)
A = 60.

5. Conclusions

We presented an analytical procedure for the determination of the critical tempera-
ture of an axially loaded, axially restrained, geometrically perfect steel column, if
exposed to a temperature increase, which is characteristic for the standard or natu-
ral fire. Within the assumption that steel at high temperature behaves in accordance

with the material model proposed by European standard Eurocode 3, the critical
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Table 7
bending stiffness of axially restrained steel columns, F' = 0 kN.

. The effect of Bz and X on the critical temperature, axial force and cross-sectional

A 8 12 13 21 94 120 180
By = oo 1014 847 113 109 109 76 45
By =5 1014 848 794 133 114 78 46
T [°C] By =1 1020 855 800 467 131 88 49
By =005 1094 904 887 735 344 273 118
By =001 1161 1071 1046 885 582 552 319
By = oo 0.037  0.082 0977 0983 0983 0614  0.273
By =5 0.036  0.081  0.109 0941 0974 0.614  0.273
IV By =1 0.035 0.078 0.103  0.677 0940 0.614  0.273
By =005 0021 0055 0061 0150 0.535 0.506  0.268
By =001 0008 0024 0028 0054 0222 0266 0212
By =oco  0.0003 0.0013 0.0187 0.0491 0.0493 1 1
By =5 0.0003 0.0013 0.0021 0.0470  0.1083 1 1
|Coall By =1 0.0003 0.0013 0.0020 0.0338  0.9405 1 1
By =0.05 0.0002 0.0009 0.0012 0.0075 0.5373 0.8274 0.9816
By =0.01 00001 0.0004 0.0005 0.0027 0.2239 0.4367 0.7809

temperature is determined exactly. As a result of extensive parametric analyses,

the following findings can be stated:

The dependence of material parameters on temperature, the slenderness of

the column and the shape of the cross-section, all have a significant effect

on the critical temperature.

Buckling lengths of Euler’s columns are not subject to change during fire.

The critical temperature is found to be a unique function of the slenderness

of a steel column for a given cross-section, the loading level, and for any of

Euler’s columns.

For the axially restrained columns, the buckling resistance decreases with

an increase of the stiffness of the axial restraint for columns with slenderness
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A > 16, and increases for columns with A < 16.

Of a particular interest for a structural engineer are the findings that the critical

temperature is a unique function of the slenderness for all Euler’s columns and

that buckling rather than the over-strengthening of the cross-section is the mode

of collapse of the steel column subjected to a fire-like increase of temperature.
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