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Abstract
We compare three nearly optimal quadrilateral finite elements for geometrically exact inextensible-director shell model. Two 
of them are revisited and one is novel. The assumed natural strain (ANS) element of Ko et al. (Comput Struct 185:1–14, 
2017) shows low sensitivity to mesh distortion and excellent convergence behavior for most types of shell problems. The 
Hu–Washizu element with ANS shear strains of Wagner and Gruttmann (Int J Numer Methods Eng, 64:635–666, 2005) 
allows for large solution steps and is computationally fast. However, both formulations have undesirable weak spots, which 
we clearly identify by a comprehensive set of numerical examples. We show that a straightforward combination of both for-
mulations results in a novel element that synergizes the positive features and eliminates the weak spots of its predecessors.

Keywords Nonlinear shells · Quadrilateral element · Assumed natural strain · Hybrid-mixed formulation · Mesh distortion · 
Large solution steps · Mesh-distortion sensitivity

1 Introduction

Development of a low-order (4-node) “optimal” nonlinear 
shell finite element is of great practical interest. Such an ele-
ment should: (i) pass the basic tests; (ii) show nearly optimal 
convergence behavior; (iii) display low sensitivity to mesh 
distortion; (iv) allow for large solution steps, and (v) be com-
putationally fast. It should maintain these favorable proper-
ties irrespective of the type of shell problem categorized by 
geometry, loading and boundary conditions. It is understood 
that it should be equipped with efficient description of large 
rotations.

Recently, Ko et al. [14] presented a 4-node shell finite ele-
ment with the first three of the above listed favorable proper-
ties of the “optimal” shell finite element for most shell prob-
lem types. They called it “the new MITC4+” (hereinafter 
called MITC4+). The element is an extension of the nonlinear 
version of popular MITC4 (mixed interpolation of tensorial 
components) [7]. MITC4+ applies the assumed natural strain 
(ANS) concept also for the membrane strains. The latter relies 
on a combination and improvement of proposals from [4, 17] 

performed by Ko et al. in [13, 14]. Numerical examples in 
[13–15] and our numerical experiments demonstrate that 
MITC4+ shows nearly optimal rate of convergence (also for 
nonlinear problems), and displays incredibly little sensitivity 
to mesh distortion. However, its weak spots are: (i) pure mem-
brane (i.e. in-plane) deformations, and (ii) very large bending 
deformations accompanied by small membrane deformations 
(such problem is, e.g., deployable ring presented in section 
with numerical examples). In these cases, the ANS enhance-
ment of the membrane behavior has only a minor effect, which 
is revealed by practically identical behavior of MITC4+ and 
MITC4. Thus, for the two mentioned shell problem types, 
MITC4+ does not remove membrane locking.

Wagner and Gruttmann [25] proposed a hybrid-mixed 
Hu–Washizu type nonlinear 4-node shell element that has 
the last two (plus the first one) of the above listed favorable 
properties of the “optimal” shell finite element; hereinafter, 
let us call it HW. HW interpolates independently displace-
ments and rotations, all shell strains, and all shell internal 
forces. On the top, it applies the ANS [7] for the transverse 
shear strains. Numerical examples in [25] and our numerical 
experiments show that HW is very fast, can use large solu-
tion steps, and has good convergence behavior for regular 
meshes. However, it is sensitive to mesh distortion, which 
is its weak spot. It does not remove the membrane locking 
for distorted meshes.
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The aim of the present work is to present novel element 
that synergizes the positive features of MITC4+ and HW 
and eliminates their weak spots. It turns out that this can 
be achieved by a straightforward modification of HW [25] 
to include the ANS membrane strains [14]. Let us call the 
resulting element +HW. Our extensive numerical tests, 
partly presented in Sect. 4, demonstrate that +HW possesses 
all five above listed favorable properties of the “optimal” 
shell finite element. The weak spots of MITC4+ and HW 
are not present in +HW.

The rest of the paper is structured in the following way. 
Our version of the geometrically exact, inextensible-director 
shell model is summarized in Sect. 2. The interpolations 
for MITC4+, HW and +HW elements are presented in 
Sect. 3. In Sect. 4, performances of MITC4, MITC4+, HW 
and +HW are evaluated and compared, and conclusions are 
drawn in Sect. 5.

2  Shell model

2.1  Theory

We adopt the inextensible-director shell model with the 
Reissner–Mindlin kinematics, the detailed description of 
which is given in seminal work [22, 23], and many later 
works, see, e.g., [2, 3, 6, 11, 17, 25, 26] and references 
therein (among many others).

The position vectors at the initial and deformed configu-
rations are the following functions of convected curvilinear 
coordinates �1, �2, �3:

respectively. The surface at �3 = 0 is called mid-surface. In 
what follows, we will omit writing the dependence of (scalar 
and vector) functions and functionals on curvilinear coor-
dinates. In (1) and (2), D is unit normal vector to the initial 
mid-surface that is called shell director, d = d(�) is rotated 
shell director (thus, ∥ D ∥=∥ d ∥= 1 ) described with rotation 
parameters � , t is initial shell thickness, and x0 = X0 + u , 
where u is mid-surface displacements. The “in-plane” covar-
iant components of the Green–Lagrange strain tensor, which 
are expressed with respect to the contravariant base vectors 
at the point of initial mid-surface, are

(1)
X
(
�1, �2, �3

)
= X0

(
�1, �2

)
+ �3D

(
�1, �2

)
, �3 ∈

[
−t∕2, t∕2

]
,

(2)x
(
�1, �2, �3

)
= x0

(
�1, �2

)
+ �3d

(
�1, �2

)
,

(3)
E�� =

1

2

(
x,� ⋅ x,� −X,� ⋅X,�

)

= ��� + �3��� +
(
�3
)2
��� , �, � ∈ {1, 2},

where (⋅),� denotes �(⋅)∕��� . The covariant components of 
the transverse shear strains are

It is reasonable to neglect ��� in (3) and ��3 in (4) because 
they have negligible effect on results, see, e.g., [22, 23] (this 
was also confirmed by our numerical testing). Moreover, 
it is convenient to define at the considered point of initial 
mid-surface a local Cartesian basis 

{
ê1, ê2, ê3 ≡ D

}
 , and 

transform the covariant strain components to the (physical) 
Cartesian strain components. By adopting a Voigt notation, 
the resulting Cartesian membrane, bending and transverse 
shear strains (that depend on u and d) are collected into 

three vectors, � =
[
�̂�11, �̂�22, 2�̂�12

]T , � =
[
�̂�11, �̂�22, 2�̂�12

]T and 

� =
[
2�̂�13, 2�̂�23

]T , respectively.
We will adopt the Saint–Venant–Kirchhoff shell material 

model. The constitutive second Piola–Kirchhoff shell stress 
resultants at the mid-surface point under consideration are 
also defined in the local Cartesian basis and grouped into vec-
tors of membrane forces, bending moments, and transverse 
shear forces as N =

[
N̂11, N̂22, N̂12

]T , M =
[
M̂11, M̂22, M̂12

]T 
and Q =

[
Q̂13, Q̂23

]T , respectively. The following relations 
apply: N = �m�,M = �b�,Q = �s� , where �m , �b and �s 
are the standard constitutive matrices for the inextensible-
director shell model, which can be found, e.g., in [3]. Let the 
shell be loaded by (mid-surface) pressure and body loads, 
which are both included in b̄ , and boundary forces t̄ . For 
this type of loading, the potential energy functional reads as

where M is shell’s initial mid-surface, and 𝛤t̄ is part of the 
shell’s boundary with prescribed forces. The shell is in equi-
librium when the potential energy functional is at its mini-
mum. The necessary condition is

where δΠ is variation of potential energy, formally obtained 
as δΠ =

d

d�
Π(u + �δu,� + �δ�)|�=0 , where � is a scalar 

parameter, �u and δ� are kinematically admissible variations 
of displacements and rotation parameters, ��, �� and �� are 
vectors of virtual membrane, bending and transverse shear 

(4)E�3 = E3� =
1

2

(
x,� ⋅ d − X,� ⋅D

)
= ��3 + �3��3.

(5)

Π(u, d) = Πint(u, d) − Πext(u, d)

= ∫
M

1

2

�
� ⋅ �m� + � ⋅ �

b� + � ⋅ �
s�
�
dA

−

⎛⎜⎜⎝∫M
u ⋅ b̄ dA + ∫

𝛤t̄

u ⋅ t̄ ds

⎞⎟⎟⎠
,

(6)
δΠ

(
u, d;δu, δ�

I

)
= ∫

M

(�� ⋅ N + �� ⋅M + �� ⋅ Q)dA

− δΠext(δu, δ�) = 0,
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strains, respectively, and δΠext is virtual work of external 
loading.

Either Eq. (5) or (6) is the starting point for the finite 
element discretization that completely relies on the inter-
polations of u and d and their variations. As a result, a dis-
placement-based formulation is obtained, which, however, 
is not acceptable because it suffers from severe transverse 
shear locking and also from membrane locking.

2.2  Implementation for quadrilateral

Let M be discretized by nel non-overlapping isoparametric 4 
node finite elements, such that M ≈

⋃nel
e=1

Ae . Over the ele-
ment, the mid-surface and shell director are interpolated as

where subscript h denotes the approximation of a function 
of functional of the continuous shell model. In (7), (⋅)a are 
nodal values, �, � are convected isoparametric coordinates 
interpreted as � = �1 and � = �2 over Ae , and Na(�, �) are 
bilinear Lagrange interpolation functions defined over the 
bi-unit square Ae = [−1, 1] × [ − 1, 1] . Moreover, Da is the 
exact shell’s mid-surface unit normal vector at node a. The 
deformed configuration of the element is approximated as

After using (7) and (8) in the potential energy functional 
(5), the latter becomes an assembly of finite element contri-
butions with nodal values (of displacements and rotations) 
as unknowns:

Here, � is the finite element method assembly operator, 
see, e.g., [1, 5, 12, 29]. Variation of (9), see (6), leads to the 
system on nonlinear equations.

Let G and C denote a Gauss point and element’s center-
point with the local Cartesian bases êG,i and êC,i , respec-
tively, where

ê1⊥ê3 , and ê2 = ê3 × ê1 , see Fig. 1. We can define matri-
ces used in the transformation below. When performing the 
transformation of covariant or contravariant components to 
the Cartesian components at center-point, we apply

(7)

Xh
0
(𝜉, 𝜂) =

4∑
a=1

Na(𝜉, 𝜂)X0a, D̃
h
=

n4∑
a=1

Na(𝜉, 𝜂)Da, Dh =
D̃

h

���D̃
h���
,

(8)xh
0
= Xh

0
+ uh, uh(𝜉, 𝜂) =

nen∑
a=1

Na(𝜉, 𝜂)ua, d̃
h
=

nen∑
a=1

Na(𝜉, 𝜂)da
�
�a

�
, dh =

d̃
h

���d̃
h���
.

(9)Πh = �
nel
e=1

Πe
(
uh, dh

)
.

(10)êG,3 =
X
h,G

0,1
×Xh,G

0,2‖‖‖X
h,G

0,1
×Xh,G

0,2

‖‖‖
, êC,3 =

X
h,C

0,1
×Xh,C

0,2‖‖‖X
h,C

0,1
×Xh,C

0,2

‖‖‖
,

(11)�
C
C
=
[
J
C
C𝛼𝛽

]
, J

C
C𝛼𝛽

= X
h,C

0,𝛼
⋅ êC,β.

By replacing C by G in (11), one gets �G
G

 for the trans-
formation of covariant or contravariant components to the 
Cartesian components at the Gauss point. One can also have

Fig. 1  Shell quadrilateral finite element: coordinate systems and ANS 
points

3  Nearly optimal shell finite elements

3.1  Assumed natural strain‑based element

In this section, we briefly describe MITC4 and MITC4+ 
elements; for more details we refer to [7, 13, 14, 24], and 
references therein.

MITC4 applies the ANS concept for the transverse shear 
strains; the element’s assumed covariant strains are

where A, B, C and D are mid-side points, see Fig. 1, at 
which the transverse shear strains are evaluated by using 
expression from Eq. (4)

(12)�
G
C
=
[
J
G
C𝛼𝛽

]
, J

G
C𝛼𝛽

= X
h,G

0,𝛼
⋅ êC,β.

(13)
[
�̃�13
�̃�23

]
=

1

2

[
(1 − 𝜂)𝜀A

13
+ (1 + 𝜂)𝜀C

13

(1 − 𝜉)𝜀D
23
+ (1 + 𝜉)𝜀B

23

]
,

(14)�h
�3

=
1

2

(
xh
0,�

⋅ dh − Xh
0,�

⋅ Dh
)
,
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and interpolations (7) and (8). The transformation of covari-
ant strains (13) to the Cartesian strains at the Gauss point 
goes as

The MITC4 change with respect to the displacement-
based formulation is the replacement of vector �h with 
�ANS =

[
2�̃𝜀13, 2�̃𝜀23

]T
 in Πe .  Equation  (9) becomes 

�
nel
e=1

Πe
ANS

(
uh, dh

)
 , with element’s contribution

integrated by 2 × 2 Gaussian quadrature.
The MITC4+ assumed covariant membrane strains are 

given as [14] 

where points A, B, C, D and E are shown in Fig. 1, and the 
strains at these points are evaluated by using expression from 
Eq. (3) as �h

��
= 1∕2

(
xh
0,�

⋅ xh
0,�

− Xh
0,�

⋅ Xh
0,�

)
 . Let us note 

that �̃�11 is quadratic in � , �̃�22 is quadratic in � , and �̃�12 is a 
bilinear function. For the theoretical background of interpo-
lations (17)–(19) and the related low-sensitivity to mesh 
distortion, we refer to [4, 13, 17]. The weighting factors that 
appear in (17)–(19) are

(15)
[
�̃𝜀13, �̃𝜀23

]T
= �

G−1
G

[
�̃�13, �̃�23

]T
.

(16)

Πe

ANS

(
uh, dh

)
= ∫

Ae

1

2

(
�h ⋅ �m�h + �h

⋅ �
b�h + �ANS

⋅ �
s�ANS

)
dA

− Πe

ext

(
uh, dh

)

(17)

�̃�11 =
(
−1 + 𝜂2

)(
aB𝜀

B

11
+ aD𝜀

D

11
+ aE𝜀

E

12

)

+
1

2

(
1 − 2aA − 𝜂 + 2aA𝜂

2
)
𝜀A
11

+
1

2

(
1 − 2aC + 𝜂 + 2aC𝜂

2
)
𝜀C
11
,

(18)

�̃�22 =
(
−1 + 𝜉2

)(
aA𝜀

A

22
+ aC𝜀

C

22
+ aE𝜀

E

12

)

+
1

2

(
1 − 2aB + 𝜉 + 2aB𝜉

2
)
𝜀B
22

+
1

2

(
1 − 2aD − 𝜉 + 2aD𝜉

2
)
𝜀D
22
,

(19)

�̃�12 =
1

4

(
−𝜉 + 4aA𝜉𝜂

)
𝜀A
11
+

1

4

(
𝜉 + 4aC𝜉𝜂

)
𝜀C
11

+
1

4

(
𝜂 + 4aB𝜉𝜂

)
𝜀B
22

+
1

4

(
−𝜂 + 4aD𝜉𝜂

)
𝜀D
22
+
(
1 + aE𝜉𝜂

)
𝜀E
12
,

(20)
aA =

c�

(
c� + 1

)
2d

, aB =
c�

(
c� − 1

)
2d

, aC =
c�

(
c� − 1

)
2d

,

aD =
c�

(
c� + 1

)
2d

, aE =
2c�c�

d
,

where c� , c� and d measure element distortion

They are defined as (note that notations m� = m1 , 
m� = m2 , x� = x1 and x� = x2 are applied, and that ��

�
 is Kro-

necker’s delta):

The weighting factors in (20) are configuration depend-
ent. In computations, they are updated at every solution 
increment. For solution increment n + 1, the converged con-
figuration at solution increment n is used to compute vectors 
in (22) and constants in (20). An illustration of distortion 
vectors in (22) is given in Fig. 2.

The covariant membrane strains (17)–(19) are trans-
formed to the Cartesian strains at the Gauss point as

where the transformation matrix is

and �ANS =
[
�̃𝜀11, �̃𝜀22, 2�̃𝜀12

]T
 . Elements’ contribution to the 

potential energy functional reads as

3.2  Hybrid‑mixed element

In this section, we briefly describe HW element; for more 
details we refer to [25].

Element’s contribution to the Hu–Washizu functional is

where the strains, stress resultants, and displacement-derived 
strains (all represented in Gauss points in local Cartesian 
bases) are

(21)c� = m�
⋅ xd, c� = m�

⋅ xd, d = c2
�
+ c2

�
− 1.

(22)

xd =
�2xh

0

����
, m�

⋅ x� = ��
�
, m�

⋅ n = 0,

x1 =
�xh

0

��

|||||�=0
, x2 =

�xh
0

��

|||||�=0
, n =

x1 × x2
‖‖x1 × x2

‖‖
.

(23)
[
�̃𝜀11, �̃𝜀22, 2�̃𝜀12

]T
= �

G−1
G

[
�̃�11, �̃�22, 2�̃�12

]T
,

(24)�
G
G
=

⎡
⎢⎢⎢⎣

�
J
G
G11

�2 �
J
G
G12

�2
J
G
G11

J
G
G12�

J
G
G21

�2 �
J
G
G22

�2
J
G
G21

J
G
G22

2J
G
G11

J
G
G21

2J
G
G12

J
G
G22

J
G
G11

J
G
G22

+ J
G
G12

J
G
G21

⎤⎥⎥⎥⎦

(25)

Πe

ANS+

(
uh, dh

)
= ∫

Ae

1

2

(
�ANS ⋅ �m�ANS + �h

⋅ �
b�h + �ANS ⋅ �s�ANS

)
dA

− Πe

ext

(
uh, dh

)
.

(26)

Πe

HW

(
uh, dh, �HW ,�HW

)
= ∫

A
e

[
1

2
�HW ⋅ ��HW + �HW

⋅

(
�h − �HW

)]
dA

− Πe

ext

(
uh, dh

)
,
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respectively, and � = DIAG
[
�m,�b,�s

]
 . The assembly is 

performed in a standard way as Πh
HW

= �
nel
e=1

Πe
HW

 . The per-
formance of a hybrid-mixed shell element depends on the 
interpolations chosen for strains and stress resultants. For 
plane stress quadrilaterals, “optimal” stress interpolation 
was derived in [20] (see, e.g., [30] for the discussion on opti-
mality). Because the membrane and bending relations of the 
applied shell model enforce the zero through-the-thickness 
normal stress constraint, these interpolations retain the same 
level of optimality if applied to membrane forces and bend-
ing moments of shell quadrilateral, as is the case in [25]:

(27)

�HW =
[
�HW,T ,�HW,T , �HW,T

]T
,�HW =

[
NHW,T

,MHW,T
,QHW,T

]T
,

(28)�h =
[
�h,T ,�h,T , �h,T

]T
,

(29)

⎡
⎢⎢⎣

n̄11

n̄22

n̄12

⎤⎥⎥⎦
=

⎡⎢⎢⎣

𝛽1 + (𝜂 − �̄�)𝛽9
𝛽2 +

�
𝜉 − 𝜉

�
𝛽10

𝛽3

⎤
⎥⎥⎦
,

⎡
⎢⎢⎣

m̄11

m̄22

m̄12

⎤
⎥⎥⎦
=

⎡⎢⎢⎣

𝛽4 + (𝜂 − �̄�)�̄�𝛽11
𝛽5 +

�
𝜉 − 𝜉

�
𝛽12

𝛽6

⎤⎥⎥⎦
.

Here, 𝛽  -s are element’s stress resultant parameters, and 
𝜉 and �̄� are coordinates of the center of gravity of the ele-
ment. The interpolation for the contravariant components 
of the transverse shear forces may be chosen in the linear 
manner, see [25]:

The contravariant stress resultant components (29) and 
(30) need to be transformed to the Cartesian components 
that enter �HW in (27). For the element to pass the patch-
test, each stress resultant should have a constant part. This is 
achieved if the transformation is performed at one element’s 
point (and be considered valid for the whole element). For 
this purpose, the center-point is chosen, which leads to

where �8×8 is unit matrix, � =
[
𝛽1,… , 𝛽8, 𝛽9,… , 𝛽14

]T (note 
that the first 8 components of � differ from 𝛽1,… , 𝛽8 in (29) 
due to the transformation), and

(30)
[
q̄
13

q̄
23

]
=

[
𝛽7 + (𝜂 − �̄�)𝛽13

𝛽8 +
(
𝜉 − 𝜉

)
𝛽14

]
.

(31)
�HW = ���, �� =

[
�8×8, ��

]
,�� = DIAG

[
�m

σ
, �b

σ
,�s

σ

]
,

Fig. 2  Distortion vectors for two in-plane distortions (top) and out-of-plane distortion (bottom)
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In [25], identical interpolation as in (29) and (30) is cho-
sen for the contravariant components of shell strains with �̄� -s 
as element’s strain parameters. In order to keep the compo-
nents of vectors in scalar products in (26) in the same basis, 
the transformation of contravariant strains to the Cartesian 
strains is again performed at element’s center-point as

where �s
ε
= �s

σ
 ,  �m

ε
= DIAG[1, 1, 2]�m

σ
 ,  �b

ε
= DIAG

[1, 1, 2]�b
σ
 , and � =

[
𝛼1,… , 𝛼8, �̄�9,… , �̄�14

]T . To retain the 
same pattern of transformation, and to keep the components 
of all vectors in (26) in the same basis, the displacement-
derived strains are also transformed via center-point as:

The authors of HW [25] replaced the last two components 
in � by ANS interpolations 2�̃�13 and 2�̃�23 from (13) in order 
to treat better the transverse shear locking.

The stress resultant interpolations (29) can be considered 
as optimal ones, while the strain interpolations are just one 
of the possibilities. Other suitable interpolations may be 
applied (e.g., with more parameters or/and with covariant 
strain components), which, however, produce only minor 
changes in results according to [27, 28]. The changes in the 
interpolation of the displacement-derived strains � in (34) 
have much larger influence.

The variation of Πh
HW

 is δΠh

HW
=

d

d�
Πh

HW

(
v + �δv,

� + �δ� + � + �δ�
) |�=0 , where � is a scalar parameter, v 

is vector of all nodal degrees of freedom, and �v , δ� and δ� 
are admissible variations. The stationary point δΠh

HW
= 0 

yields three equations that need to be linearized in order to 
be solved iteratively. The condensation of iterative vectors 
Δ� and Δ� is performed from linearized equations. Inver-
sion due to condensation is possible for the sequence 
{Δ�,Δ�} and it fails (due to singularity) if the vectors are 
interchanged. For implementation details we refer to [9, 10, 
23, 25].

3.3  Modified hybrid‑mixed element

+HW is a modified HW formulation [25] described in the 
previous section. Although the modification is minor, its 
effect is large, as shown in numerical examples below.
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In particular, the displacement-derived membrane strains 
of HW are replaced by the ANS interpolation of strains. 
Thus, Eq. (34) is replaced by

where the ANS strains, which are marked by ~, are given in 
(13) and (17)–(19). We adopt a transformation that relies 
on the components of �G

C
 , which are provided in (12), and 

matrix �G
C

 , which is obtained by using the components from 
(12) in place of those in (24).

In functional (26), the displacement-derived strains 
�h are replaced by the strains �h+ =

[
�ANS,T ,�h,T , �ANS,T

]T 
from (35), with the ANS strain vectors defined as given in 

Sect. 3.1

The interpolations of �HW and �HW remain the same as 
in Sect. 3.2.

4  Numerical examples

The presented shell formulations (MITC4, MITC4+, HW 
and +HW) were implemented into computer code AceFEM 
[16]. The last four numerical examples below were com-
puted by the adaptive incremental load factor

(35)
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+
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(36)
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(
uh, dh, �HW ,�HW

)
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(
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− Πe
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(
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)
.
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Δ𝜆min ≤ Δ𝜆 = B
�
In
�
Δ𝜆n ≤ Δ𝜆max,B =

⎧
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2 −
�

In−1

Io−1

�2

, In < Io

1 −
1

2

�
In−Io

N−Io

�2

, In ≥ Io

Table 1  Data for adaptive load factor procedure

Example Δ�
min

Δ�
max

Δ�
initial

4.4 10−8 2 × 10−2 5 × 10−2

4.5 10−8 5 × 10−1 1 × 10−2

4.6 10−8 2 × 10−12 5 × 10−2

4.7 10−12 10−4 10−4
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Here, Δ� and Δ�n are current and last incremental load 
factors, respectively; In is the number of iterations from the 
last increment; and I0 = 8 and N = 15 are the numbers of 
desired and allowed incremental iterations, respectively. If 

no convergence is reached in 15 iterations, the back-step is 
performed and the current increment is recomputed with 
Δ�∕2 . The values of the parameters are given in Table 1. 
The convergence tolerance was  10−8.

Fig. 3  Patch tests data

Fig. 4  Elements for eigenvalue analysis

Fig. 5  Eigenvalues of square (left) and distorted (right) element
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4.1  Patch tests

Two sets of patch tests were considered. The data for the first 
one are taken from [26]. Two arrangements of displacements 
and rotations are imposed at nodes 1–4 in accordance with 
formulae from Fig. 3. The exact solutions are constant mem-
brane strains �xx = �yy = 2�xy = 10−3 and constant curvatures 
�xx = �yy = �xy = −10−3 , respectively. Linear versions of all 
the formulations computed these exact values.

The data for the second set is taken from [25]. Two load-
ing cases are imposed in accordance with table in Fig. 3. 
All formulations computed correct values of membrane 
forces nxx = 2, nyy = nxy = 0 for load case 1 and moments 
mxx = myy = mxy = 1 for load case 2.

4.2  Conditioning number

We checked the conditioning number of the initial (i.e. lin-
ear) stiffness matrix for the derived formulations. To this 
end, we computed eigenvalues of stiffness matrix of a square 
element and distorted (curved) element, see Fig. 4, with 
a = 2, t = 0.02,E = 108, � = 0.3.

All the formulations have six zero eigenvalues corre-
sponding to the six rigid body modes. The curves in Fig. 5 
exhibit a jump at certain deformation mode number. Lower 
eigenvalues (before the jump) relate to the bending-domi-
nated modes, and higher eigenvalues (after the jump) relate 
to the stiffer membrane- and shear-dominated modes. Fig-
ure 5 shows that for the lowest modes, HW and +HW have 
smaller eigenvalues than MITC4 and MITC4+. Thus, the 
former are more flexible for pure bending modes than the 
latter. The same is valid for the membrane modes just after 
the jump. Hence, HW and +HW are more flexible for lowest 
membrane-dominating modes than MITC4 and MITC4+. 
The distorted element displays pollution of MITC4 bending-
dominated modes 7–11 by excessive membrane deforma-
tions, which is the reason why MITC4 curve departs from 
others in this region. Table 2 demonstrates that the condition 
number of the stiffness matrix c = �max∕�min (here, � is a 
non-zero eigenvalue) is of the same order for the considered 
formulations for both tests.

Table 2  Stiffness matrix condition number

FE Square element Distorted element

c 104
c

c
MITC4

c 104
c

c
MITC4

MITC4 8.67 1.00 11.93 1.00
MITC4+ [14] 8.67 1.00 17.65 1.48
HW [25] 11.70 1.35 26.52 2.22
+HW 11.70 1.35 27.60 2.31

Fig. 6  Cook’s membrane: initial and deformed configuration 
(MITC4)

Fig. 7  Cook’s membrane: a convergence, b load versus displacement for 4 × 4 mesh
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4.3  Cook’s membrane

We performed nonlinear analysis of Cook’s membrane, 
which is clamped at one end and subjected to uniformly dis-
tributed force F = F0� , where F0 = 1 and � is load factor, at 
the opposite end, see Fig. 6. The data are E = 2, � = 1∕3 and 
thickness t = 1, as proposed in [21]. The load was applied 
in 10 increments. This is a pure membrane test that also 
incorporates element distortion. It primarily shows how well 

a formulation can handle the in-plane bending dominated 
by the shear.

Figure 7a shows the convergence of vertical displacement 
at point A for F = 1, normalized with respect to the refer-
ence solution, obtained by 48 × 48 mesh of HW. Note that 
HW and +HW exhibit excellent convergence. On the other 
hand, the MITC4 and MITC4+ convergence is consider-
ably worse; they require a fine mesh to converge (Table 3). 
Figure 7b shows vertical displacement at node A versus 
applied load for 4 × 4 mesh. The HW and +HW formulations 
are already close to the reference one, while MITC4 and 
MITC4+ are much too stiff. The latter two almost match, 
which is because the membrane parts of the MITC4 and 
MITC4+ formulations differ only slightly for pure mem-
brane problems, see also [13].

4.4  Cylindrical panel

Thin cylindrical panel, considered also in [14], is clamped 
at one edge and subjected to distributed moment M = �M0 
along the opposite edge, see Fig. 8. This is a pure bending 
test. Regular and distorted meshes shown in Fig. 8 are used; 
the ratio Lmin∕Lmax = 1∕12.

Figure 9 shows the applied load versus displacements 
uz and − ux of point A; the reference results obtained by 
regular mesh of 48 × 48 HW elements match perfectly those 
obtained for 32 × 32 regular mesh of MITC9 elements in 

Table 3  Cook’s membrane 
convergence: vertical 
displacement at F = 1

FE\mesh 2 × 2 4 × 4 8 × 8 16 × 16 32 × 32 48 × 48

MITC4 5.572 7.868 8.960 9.313 9.414 9.435
MITC4+ [14] 5.649 7.944 8.996 9.329 9.421 9.440
HW [25] 8.660 9.172 9.367 9.427 9.446 9.451
+HW 9.035 9.316 9.418 9.448 9.457 9.459

Fig. 8  Cylindrical panel: a initial and final deformed configuration 
for regular mesh (MITC4); b distorted mesh

Fig. 9  Cylindrical panel response for a regular mesh and b distorted mesh
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[14]. The response of all formulations is practically the same 
for the regular mesh, see Fig. 9a. For the distorted mesh, 
see Fig. 9b, MITC4 is affected most, HW shows reasonable 
results, while MITC4+ and +HW give similar results as for 
the regular mesh. The results indicate that for membrane 
locking remedy in pure bending case, MITC4+ is more 
effective than the hybrid-mixed treatment. The robustness 
and speed of the formulations are compared in Table 4.

4.5  Raasch’s hook

Raasch’s hook consists of two arches with different radii 
of curvature; see Fig. 10. It is clamped at one end and sub-
jected to a uniformly distributed force F = �F0 at the oppo-
site end. The data thickness t = 0.02 , width w = 20 , F0 = 1 , 
E = 3300 and � = 0.3 , are taken after [14]. The shell was 
analyzed with a mesh of (2N + 3N) × N  elements, where 
N ∈ {2, 4, 8, 16, 32} . Here, N is the number of elements in 
the width, and 2N and 3N are numbers of elements for the 
first and second arch, respectively. In addition to regular 
meshes, we also used distorted meshes with pattern shown 

Table 4  Cylindrical panel: 
computational details for 
M = M0 for regular mesh (top) 
and distorted mesh (bottom); 
ux,ref = − 9.21

FE MITC4 MITC4+ [14] HW [25] +HW

Displacement −ux ( 
−ux

−ux,ref
[%]) 9.30 (101) 9.30 (101) 9.30 (101) 9.30 (101)

Normalized CPU time 1.00 0.89 0.23 0.23
Req. no. of load increments 22 22 7 7
Number of total iterations 205 205 41 41
Number of back-steps 0 0 0 0
Displacement −ux ( 

−ux

−ux,ref
[%]) 6.83 (74) 8.92 (97) 8.35 (91) 8.93 (97)

Normalized CPU time 1.00 0.95 0.19 0.33
Req. no. of load increments 22 35 7 7
Number of total iterations 220 370 41 41
Number of back-steps 1 1 0 0

Fig. 10  Raasch’s hook: geometry (left); initial and deformed configurations (right)

Fig. 11  Raasch’s hook: distorted meshes with N = 4 and N = 16
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in Fig. 11. The ratio between the longest and the shortest ele-
ment edge (in the curvilinear direction) Lmax∕Lmin was set to 
1.5 and 2 for the first and the second arch, respectively. This 
is a demanding test for distorted meshes. The single curved 

shell exhibits membrane-bending deformations (large bend-
ing is followed by stiffer membrane response).

Figures 12a and 13a show convergence for displace-
ment uz at point A for F = 10−4 . The computed converged 

Fig. 12  Raasch’s hook, regular mesh: a convergence, b N = 4 mesh, c 
N = 16 mesh

Fig. 13  Raasch’s hook, distorted mesh: a convergence, b N = 4 mesh, 
c N = 16 mesh
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solution, uz,ref = 78.55 , was reached by all formulations for 
regular mesh but not for distorted mesh. The differences 
are large.

Figures 12b, c and 13b, c present the applied force versus 
displacement at point A for two regular and two distorted 
meshes. As the reference result, we adopt the solution with 

regular mesh of (64 + 96) × 32 HW elements that is in per-
fect agreement with that by 8 × 40 MITC9 elements in [14]. 
MITC4+ and +HW are superior; they provide excellent 
agreement with the reference solution already for mesh with 
N = 4 and are almost insensitive to mesh distortion. MITC4 
performs the poorest; it is far from the reference solution for 

Table 5  Raasch’s hook: 
computational details for 
Fz = 10−4 and N = 16 for regular 
mesh (top) and distorted mesh 
(bottom)

FE MITC4 MITC4+ [14] HW [25] +HW

Displacement uz ( 
uz

uz,ref
[%]) 75.12 (96) 77.66 (99) 77.87 (99) 77.73 (99)

Normalized CPU time 1.00 1.13 0.18 0.22
Req. no. of load increments 92 96 22 22
Total number of iterations 883 930 120 124
Number of back-steps 3 4 0 0
Displacement uz ( 

uz

uz,ref
[%]) 61.68 (79) 77.19 (98) 76.77 (98) 77.29 (98)

Normalized CPU time 1.00 1.15 0.20 0.27
Req. no. of load increments 91 96 22 22
Total number of iterations 874 931 120 124
Number of back-steps 6 4 0 0

Fig. 14  Twisted beam: a problem data and distorted mesh; b initial and three deformed configurations for +HW (regular mesh)

Fig. 15  Twisted beam: load–displacement curves for a regular mesh and b distorted mesh. Red dots mark deformed configurations in Fig. 14b
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the mesh with N = 4 and it shows significant mesh-distortion 
sensitivity. It does not get near to the reference solution, even 
for fine distorted mesh, see Fig. 13c. HW performs a little 
better than MITC4; it is quite sensitive to mesh distortion, 
but it reaches the reference solution for finer distorted mesh, 
see Fig. 13c. Table 5 compares the robustness and speed of 
the formulations.

4.6  Twisted beam

We consider a version of the twisted beam-like shell prob-
lem considered in e.g. [14, 15, 26]. The beam is clamped at 
one edge and subjected to two forces, P = �Py = �Pz , at the 
opposite end. The twist is 2� . The shell undergoes consider-
able bending, which is followed by stretching, see Fig. 14b. 
Thus, this is a test for membrane-bending shell behavior.

In Fig. 15, displacements uz and uy of point A are shown 
versus P; reference results were obtained by regular mesh of 
20 × 60 HW elements. Regular and distorted meshes were 
used, with 12 × 4 and 6 × 20 elements, respectively; and ratio 
Lmin∕Lmax = 1∕2 , see Fig. 14a. Despite a coarse regular 

mesh, there is almost no difference in response between 
the formulations, which match well the reference results, 
see Fig. 15a. Mesh distortion, see Fig. 15b, affects MITC4 
greatly (the results are far from the reference solution and 
useless), the HW solution is affected considerably, while 
MITC4+ and +HW show incredibly little sensitivity to mesh 
distortion. Table 6 shows that HW and +HW are the fastest, 
do not require back-steps, and take large load increments.

The twisted beam was also chosen to check for a possible 
undesirable hysteresis because of the configuration depend-
ent weighting factors (20) applied in MITC4+ and +HW. 
We chose the twist of �∕8 and distorted mesh with ratio 
Lmax∕Lmin = 4 ; see Fig. 16. The uniformly distributed load 
P = �PX was increased until � = 1 , which produced large 
membrane strains, and then decreased to P = 0 . Figure 16 
shows no hysteresis effect, which confirms that the weight-
ing factors in (20) were carefully calibrated.

Table 6  Twisted beam: 
computational details for 
P = 0.08 for regular mesh (top) 
and distorted mesh (bottom); 
uy,ref = 4.75

FE MITC4 MITC4+ [14] HW [25] +HW

Displacement uy ( 
uy

uy,ref
[%]) 4.52 (95) 4.53 (95) 4.52 (95) 4.53 (95)

Normalized CPU time 1.00 1.37 0.10 0.09
Req. no. of load increments 61 78 7 7
Total number of iterations 664 802 43 43
Number of back-steps 10 14 0 0

Displacement uy ( 
uy

uy,ref
[%]) − 0.04 (− 1) 4.74 (100) 4.91 (103) 4.73 (100)

Normalized CPU time 1.00 13.5 0.93 1.71
Req. no. of load increments 7 56 7 7
Total number of iterations 51 585 41 43
Number of back-steps 0 9 0 0

Fig. 16  Beam with the twist of �∕8
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4.7  Deployable ring

The deployable ring example, see Fig. 17a, was studied 
in detail in [8]. It was recomputed by isogeometric Reiss-
ner–Mindlin (RM) and Kirchhoff–Love (KL) shell for-
mulations in [19]. The ring is clamped along the bottom 

cross-section and subjected to imposed rotation � = ��0 
along the top cross-section. We used meshes of 80 × 1, 
1200 × 1 and 1200 × 4 elements. Because our formulations 
do not have drilling rotation, the meshes were in the ring’s 
plane. This is in contrast to the mentioned isogeometric 
computations in [19], where the elements were oriented 
perpendicular to the ring’s plane and drilling rotation was 
applied. For this reason, our results do not match closely 
the ones from [19]. According to [8], at � = 2π , the ring 
deploys into three circles with a radius R/3, and its initial 
shape is regained at � = 4π . The example is a test for cou-
pling of bending and twisting, with large parts of ring exhib-
iting almost rigid-body motion.

The results are given in Figs. 18 and 19, where moment-
rotation curves are shown; M is the sum of reactions at nodes 
with imposed rotation. Figure 18 shows that MITC4 and 
MITC4+ exhibit severe membrane locking for the coarser 
mesh and predict completely deviating solution. It seems 
that the solution is non-physical, because at � ≈ 2� the 
elements cross each other, see Fig. 17b. The present ANS 
membrane treatment has no effect for this example, because 
MITC4 and MITC4+ behave in the same way.

The HW and +HW formulations predict solutions that 
are qualitatively close to those presented in [8, 19] and 
their results change only slightly with mesh refinement. For 
the 1200 × 1 mesh, the results of all formulations almost 
coincide; however, MITC4 and MITC4+ fail to converge 
at � ≈ 2.6� , see Fig.  19a. For the 1200 × 4 mesh, the 

Fig. 17  Deployable ring: a problem data; b 80 × 1 mesh; deformed configurations at points marked in Fig. 18 for MITC4 (top) and for +HW 
(bottom)

Fig. 18  Deployable ring: load–displacement curves for 80 × 1 mesh; 
red dots mark deformed configurations in Fig. 17b
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formulations provide the same response up to the final rota-
tion � = 4� , see Fig. 19b. In Fig. 19b, we show the number 
of negative pivots (NP) on the solution path; a change on NP 
indicates the occurrence of critical (i.e. limit or bifurcation) 
point. It is interesting that the formulations do not predict 
critical points at the same configurations; moreover, MITC4 
and MITC4+ detect two more than HW and +HW.

5  Conclusions

It is now understood theoretically (see e.g. [18]) and has 
been confirmed by numerical experiments (see, e.g., [25] 
and the examples in this work) that the use of (hybrid-)mixed 
formulations is essential to get finite elements that allow 
for large solution steps. Unfortunately, the hybrid-mixed 
shell finite element formulations do not completely remove 
membrane and transverse shear locking. It was shown in 
[25] that it is possible to cure the transverse-shear locking in 
hybrid-mixed shell element by applying the ANS interpola-
tions on the top of the Hu–Washizu interpolations for the 
stress resultants and strains. However, such hybrid-mixed 
shell element still remains sensitive to membrane locking for 
distorted meshes as has been clearly shown by our numerical 
examples. On the other hand, the same numerical examples 
have demonstrated that the mesh distortion sensitivity can 
be effectively reduced by assumed natural strain interpola-
tion of membrane strains, in particular by the recent version 
derived in [14].

For these reasons, we have combined the Hu–Washizu 
element with the ANS shear strains from [25] with the ANS 
interpolations for the membrane strains from [14]. The result 
is a novel element, which is low-sensitive to mesh distortion 
and allows for large solution steps. Although the difference 
between our element and the one from [25] may seem to be 
small, the effects in numerical results are far from small and 
very beneficial. This has been clearly demonstrated by a set 

of representative numerical examples, which were carefully 
chosen to model various types of deformation states in (thin) 
shells.

The low sensitivity to mesh distortions for elements with 
ANS interpolation of membrane strains is basically due to 
the geometric parameters, which act as weighting factors 
and change in each converged configuration. They weight 
membrane strains in the pre-selected points (that are always 
coplanar) according to the current element’s distortion. The 
weighting factors are well calibrated, so that no side effects, 
like a hysteresis, appear.

For the theoretical discussion on ability of mixed formu-
lations to take large solution steps, we refer to [18]. In [18], 
this issue is discussed for nonlinear mixed solid finite ele-
ments and Hellinger–Reissner (HR) functional, but the con-
clusions are applicable also for the Hu–Washizu functional 
and shell finite elements. The main conclusion in [18] is that 
for mixed HR elements, the tangent stiffness matrix in the 
current iteration is much closer to the secant stiffness matrix 
of the current increment (than for the displacement-based 
elements). The reason is better iterative approximation of the 
converged incremental stresses. As a consequence, mixed 
formulations allow for larger solution steps and smaller 
number of iterations in comparison with the displacement-
based formulations.

The presented work can be seen as a step towards the 
optimal low order (4-node) shell nonlinear finite element 
(that is based on classical shell theory with transverse shear 
effects). In our opinion, the classical-theory-based optimal 
nonlinear shell finite element is of great practical interest 
and thus worth investigating.
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